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1. Introduction
Spectral graph theory is a fast growing branch of algebraic graph theory. Within spectral graph
theory, studying the properties of a graph using its signless Laplacian became recently the most dy-
namic area of research. Indeed, a recent “bibliography on the signless Laplacian eigenvalues: first one
hundred references” due to Cvetkovic´, shows that more than half the papers cited appeared in the last
year or are in the process of publication. Moreover the paper “signless Laplacians of finite graphs” by
Cvetkovic´, et al. [11] published in “Linear Algebra and its Applications” is, with 50 citations, currently
the secondmost cited paper of that journal to have appeared in the last 5 years. The paper “eigenvalue
bounds for the signless Laplacian” by Cvetkovic´ et al. [12],which appeared in the same year in “Publica-
tions de l’InstitutMathématique (Beograd)”, was alsomuch cited. It contains, among others, a series of
30 conjectures on the signless Laplacian eigenvalues, specially the largest and second largest eigenval-
ues. These conjectures were obtained by the use of the AutoGraphiX system for conjecture-making in
graph theory [1–4]. Recently, Cvetkovic´ and Simic´ defined in a series of three papers [13–15], entitled
“towards a spectral theory of graphs based on the signless Laplacian”, the fundamentals of the spectral
theory of graphs based on the signless Laplacian. In these papers, the authors also discuss the proofs
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[5,12,13,17,18] (and in one case refutation [12]) and the current status of the 30 conjectures. Prior to
the development of the signless Laplacian based theory, other ones were studied, based on the adja-
cency matrix A (see, for example [10]), the Laplacian matrix L (see, for example [10]), the normalized
Laplacianmatrix Lˆ (see [7]) and the Seidel matrix S (see [10]). According to thematrixM onwhich it is
based, the theory is calledM-theory, e.g., theQ-theory is that based on the signless LaplacianmatrixQ .
Since these matrices represent the same graph, there must be interactions between all these theories.
Actually, Cvetkovic´ and Simic´ [13] discussed the following interactions:
• equivalence between A-theory, L-theory and Q-theory for regular graphs;
• equivalence between L-theory and Q-theory for bipartite graphs;
• general analogies between A-theory and Q-theory;
• analogies between A-theory and Q-theory via line graphs;
• analogies between A-theory and Q-theory via subdivision graphs.
The most studied problems within each M-theory, are those of lower and upper bounding some
particular eigenvalues such as the largest, the second largest or the smallestM-eigenvalues, as well as
the characterization of the extremal graphs corresponding to each bound. It is along these lines that
our present work is done. Indeed, we study extremal graphs for the extremal values of the second
largest Q-eigenvalue of a connected graph. We first characterize all simple connected graphs with
second largest signless Laplacian eigenvalue at most 3. By the way, we correct and complete the
results obtained by Petrovic´ and Milekic´ [22], concerning the characterization of the graphs with
second largest A-eigenvalue at most 1, as well as those obtained by Wang et al. [24], concerning the
characterization of the graphs with second largest Q-eigenvalue at most 3. The second part of the
present paper is devoted to the study of the graphs that maximize the second largest Q-eigenvalue.
We construct families of such graphs and prove that some of theses families are minimal for the fact
that they maximize the second largest signless Laplacian eigenvalue. Within this study we correct the
proof, given by Das [17], of the characterization of the graphs maximizing the difference between the
second largest Q-eigenvalue and the minimum degree of a simple connected graph.
We begin by recalling some definitions. In this paper, we consider only simple and finite graph, i.e.,
graphs on a finite number of vertices without multiple edges or loops. A graph is (usually) denoted by
G = G(V, E), where V is its vertex set and E its edge set. The order of G is the number n = |V | of its
vertices and its size is the numberm = |E| of its edges. The adjacencymatrix ofG is a 0−1 n×n-matrix
indexed by the vertices of G and defined by aij = 1 if and only if ij ∈ E. Then Q = Diag + A, where
Diag is the diagonal matrix whose diagonal entries are the degrees in G, is called the signless Laplacian
of G. Denote by (q1, q2, . . . , qn) the Q-spectrum of G, i.e., the spectrum of the signless Laplacian of G,
and assume that the eigenvalues are labeled such that q1 ≥ q2 ≥ · · · ≥ qn of G. Let  and δ denote
the maximum and minimum degrees of G, respectively. As usual, we denote by Pn the path, by Cn the
cycle, by Sn the star, by Ka,n−a the complete bipartite graph and by Kn the complete graph, each on n
vertices.
2. Graphs with q2 at most 3
In this section, we give a characterization of all graphswith second largest signless Laplacian eigen-
value at most 3. Similar problems have been widely studied for the adjacency matrix [9,16,19,25].
Wang et al. addressed this problem in [24]. Their resolution relies on a theorem of Petrovic´ andMilekic´
[22], which unfortunately involves a too small family in the characterization of connected line graphs
with second largestA-eigenvalue atmost 1. Specifically, these authors consider the family of line graphs
of butterflies. As defined byWang et al. [24], a butterfly graph Br,s is a graph on 2r + s+ 1 vertices that
consist of r triangles and s pendant edges sharing a common vertex. We correct Lemma 6, Theorems 2
and 3 of [22] as well as Theorem 4.1 and Theorem 4.2 of [24] by showing that one needs to consider
the larger family of fireflies, defined below. Butterflies and fireflies are illustrated in Fig. 1.
We also show that fireflies are determined by their signless Laplacian spectrum.
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Fig. 1. A butterfly B2,6 and a firefly F2,3,3.
Definition 1. A firefly graph Fr,s,t is a graph on 2r + s + 2t + 1 vertices that consist of r triangles, s
pendant edges and t pendant paths of length 2, sharing a common vertex.
We also need the following two definitions.
Definition 2. We call subdivision, the transformation of a graph consisting of replacing an edge uv by
two edges uw, wv, with a new vertex w.
Definition 3. A stretched star Sd,k is the graph on d + k vertices obtained from a star Sd on d vertices
by subdividing k of its edges.
In the following F represents the set of all firefly graphs Fr,s,t , where r, s and t are real numbers.
Note that F contains all the stars (r = t = 0), stretched stars (r = 0), friendship graphs (s = t = 0)
and butterfly graphs (t = 0).
The next two well-known theorems in matrix theory will be used in the proofs of our results.
Theorem 2.1 (Cauchy–Poincaré Separation Theorem [23]). Let M be an n-by-n Hermitian matrix with
eigenvalues λ1(A)  λ2(A)  · · ·  λn(A). For a given integer r, 1  r  n, let Ar , denote any r-by-r
principal submatrix of A (obtained by deleting n − r rows and the corresponding columns from A). Then
for each 1  i  r,
λi(A)  λi(Ar)  λi+n−r(A).
Applying this inequality to the adjacency matrix of line graphs leads to the following result.
Theorem 2.2 (Interlacing theorem [12]). Let G be a graph on n vertices and m edges and let e be an edge
of G. Let q1, q2, . . . , qn (q1  q2  · · ·  qn) and s1, s2, . . . , sn (s1  s2  · · ·  sn) be the signless
Laplacian eigenvalues of G and G − e, respectively. Then,
q1  s1  q2  s2  · · · qn  sn  0.
Lemma2.3. LetG bea connected graphonnvertices andq2 its second largest signless Laplacian eigenvalue.
(i) If n = 2, then q2 = 0 .
(ii) If n = 3, then q2 = 1.
(iii) If n = 4 and G is not a star, then q2 = 2. Moreover if q2 = 2, then n = 4 and G is not a star.
(iv) If n = 5, then q2  3.
(v) If n = 6, then q2  3 if an only if G is a subgraph of G16 , G26 or G36 (given in Fig. 2), or a firefly on 6
vertices.
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Fig. 2. Graphs G16, G
2
6 and G
3
6.
Proof
(i) As G is a connected graph only its least eigenvalue can be null.
(ii) G is either a triangle or a path of length 2, computation gives q2 = 1 in both cases.
(iii) From Theorem 2.2, if G′ is a subgraph of G, then q2(G)  q2(G′). If G has 4 vertices and is not
a star, then G contains P4 as a subgraph and q2(G)  q2(P4) = 2. As q2(K4) = 2, we have
q2(G) = 2.
If G has at least 5 vertices and is not a star, then G contains P5 or S4,1 as a subgraph. Then
q2(G)  min{q2(P5), q2(S4,1)} ≈ 2.31111.
(iv) If G has 5 vertices then q2 is a subgraph of K5 and q2(K5) = 3. For a complete enumeration of
the Q-spectra of graphs on 5 vertices, see [11].
(v) This result was obtained by enumeration of all the possible values of q2 for the graphs on 6
vertices, see [8]. 
Theorem 2.4. Let G be a connected graph on n  7 vertices and q2 its second largest signless Laplacian
eigenvalue. Then,
(i) q2 = 1 if and only if G is a star,
(ii)
3+√5
2
− 1
n
< q2 <
3+√5
2
if and only if G = Sn−1,1,
(iii) q2 = 3+
√
5
2
if and only if G = Sn−k,k, with k  2,
(iv) 3 − 2.5
n
< q2 < 3 if and only if G is a firefly with one triangle,
(v) q2 = 3 if and only if G is a firefly and has at least two triangles.
Proof
(i) It is an immediate consequence of Theorem 3.2 in [6].
(ii) Computing the characteristic polynomial of Sn−1,1 gives
Qn(λ) = λ(1 − λ)n−4(λ3 − λ2(n + 2) + λ(3n − 2) − n).
As q2(Sn−1,1) > 1, we only consider the polynomial Pn(λ) = λ3 − λ2(n+ 2)+ λ(3n− 2)− n.
We have Pn(0) = −n < 0, Pn( 3+
√
5
2
− 1
n
) = −1 + √5 − 5
√
5+7
2n
+ 5+3
√
5
2n2
− 1
n3
> 0,
Pn(
3+√5
2
) = −1 < 0 and Pn(n) = n(n − 3) > 0, for all n  7.
Then
3+√5
2
− 1
n
< q2(Sn−1,1) < 3+
√
5
2
, for all n  7.
(iii) Consider a stretched star Sn−k,k , with k  2 and n  7 vertices, with signless Laplacian matrix
Q . Let L1 and C1 be the line and columnassociated to the vertexwithmaximal degree. Thematrix
Qn−1,obtained from Q by deleting L1 and C1, is a block-diagonal matrix. This matrix can have at
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Fig. 3. The line graph of F
+
1,2,3.
most two types of blocks:⎡
⎣ 2 1
1 1
⎤
⎦ and [ 1 ] .
The corresponding eigenvalues are
3+√5
2
,
3−√5
2
and 1.
Let q1, q2, . . . , qn (q1  q2  · · ·  qn) and s1, s2, . . . , sn (s1  s2  · · ·  sn) be the
eigenvalues of Q and Qn−1 respectively. From Theorem 2.1, we have q2  s1. Hence q2  3+
√
5
2
.
Moreover as k  2, Sn−k,k contains the path P5 as a subgraph and q2(Sn−k,k)  q2(P5) = 3+
√
5
2
.
Hence q2(Sn−k,k) = 3+
√
5
2
.
(iv) Computing the characteristic polynomial of S+n gives
Qn(λ) = λ(1 − λ)n−3(−λ3 + (n + 3)λ2 − 3nλ + 4).
Again, we only consider the polynomial Pn(λ) = −λ3 + (n + 3)λ2 − 3nλ + 4.
For n ≥ 7, we have: Pn(0) = 4 > 0, Pn(−5/2n) = −7/2+ 115/4n− 75/2n2 + 125/n3 < 0,
Pn(3) = 4 > 0 and Pn(n + 1) = −n(n − 1) + 6 < 0.
Then 3 − 5/2n < q2(S+n ) < 3, for all n  7.
It is shown later that the second largest of any graph in F is not more than 3. Here we prove a
tighter inequality for F1,s,t with t  1.
The divisor of L(F1,s,t), the line graph of F1,s,t (see Fig. 3 for the case s = 2 and t = 3), is⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
0 2 0 0 0
1 1 s t 0
0 2 s − 1 t 0
0 2 s t − 1 1
0 0 0 1 0
⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
whose characteristic polynomial is PL(F1,s,t)(λ) = −λ5 + λ4(s + t − 1) + 2λ3(s + t + 2) −
λ2(2s + t − 5) − λ(3s + 2t + 1) + 2(s − 1).
It has 5 real roots if s  1 or if t  2, which correspond to all possible values of s and t, when
n  7.
Moreover it is easy to see that (3 + √5)/2, (3 − √5)/2 and 1 are Q-eigenvalues of F1,s,t ,
with respective multiplicities t − 1, t − 1 and s. Hence q /∈ {(3 + √5)/2, (3 − √5)/2, 1} is a
Q-eigenvalue of F1,s,t if and only if q − 2 is a root of PL(F1,s,t).
As PL(F1,s,t)(1) = 4, we deduce that q2(F1,s,t) < 3.
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To find a lower bound on q2(F1,s,t), we only have to find a number λ such that PL(F1,s,t)(λ− 2)
is negative.
PL(F1,s,t)
(
1 − 5
2n
)
= −7/2 + 55
n
− 275
n2
+ 7625
16n3
− 5625
16n4
+ 3125
32n5
− 25k(6n − 5)
2
16n4
As
25k(6n−5)2
16n4
 0, for all n, and we want to check if PL(F1,s,t)(1 − 52n ) < 0, we will consider
the smallest value of k. That is k = 1. In this case, PL(F1,s,t)(1 − 52n ) < 0, for n  1.
Hence 3 − 5/2n < q2(S+n−k,k) < 3, for all n  7.
(v) Let G be a graph of F with signless Laplacian matrix Q . Let L1 and C1 be the line and column
associated to the vertex with maximal degree. The matrix Qn−1,obtained from Q by deleting L1
and C1, is a block-diagonal matrix. This matrix can have at most three type of blocks:⎡
⎣ 2 1
1 2
⎤
⎦ ,
⎡
⎣ 2 1
1 1
⎤
⎦ and [ 1 ] .
The corresponding eigenvalues are 3,
3+√5
2
,
3−√5
2
and 1.
Let q1, q2, . . . , qn (q1  q2  · · ·  qn) and s1, s2, . . . , sn (s1  s2  · · ·  sn) be the
eigenvalues of Q and Qn−1, respectively. From Theorem 2.1, we have q2  s1. Hence q2  3.
Moreover if G ∈ F has at least 2 triangles, then G contains the graph constituted by two
triangles with a common vertex, and q2(G)  3.
We will now show that there are no other graphs on at least seven vertices such that q2  3.
If G has at least seven vertices and G /∈ F , then G has one of the following properties:
Case 1.  = 2, thenG is a cycle or a path and q2(G) = 2+2 cos(2π/g)  2+2 cos(2π/7) ≈ 3.2470
Case 2.  = 3. then G contains the graph S14 (see Fig. 4), if two adjacent vertices have degree 3, the
graph S24 (see Fig. 4), if two vertices with degree 3 are joint by a path of length 2, and S
3
4 or S
4
4
(see Fig. 4) otherwise.
Hence q2(G)  min{q2(S14), q2(S24), q2(S34), q2(S44)} = 3.116884.
Case 3. 4   < (n − 1)/2, then there are not enough pendant vertices in S to attach one of the
remaining vertices to each of them. Hence, G contains the graph S15 or S
2
5 (illustrated in Fig. 5)
and q2(G)  min{q2(S15), q2(S25)} = 3.116884.
Fig. 4. The graphs S14 , S
2
4 , S
3
4 and S
4
4 .
Fig. 5. The graphs S15 and S
2
5 .
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Fig. 6. The graph S35 .
Case 4.   (n − 1)/2. If G does not contain S15 or S25, then G is obtained from a stretched star by
adding edges. Then, G contains either the graph S35 (illustrated in Fig. 6) and q2(G)  q2(S35),
or a cycle of length 4 or 5. In this last case, cutting one of its edges adjacent to the maximum
degree vertex shows that S15 is also a subgraph of G. 
Theorem 2.5. Graphs on at least seven vertices with second largest signless Laplacian eigenvalue less than
3 are determined by their signless Laplacian spectrum.
Proof. Let G be a graph on n  7 vertices with second largest signless Laplacian eigenvalue q2  3.
Then G = Fr,s,t is a firefly. To prove that fireflies are determined by theirQ-spectrum,wewill compute
a part of their spectra and show that it is sufficient to determine the values of r, s and t. We write
multiplicities of the eigenvalues as exponents.
In the following, the set of vertices of G, {v1, v2, . . . , vn}will be ordered such that: v1 is the vertex
with maximal degree, for i = 1, 2, . . . , r, v2i and v2i+1 are two adjacent vertices of a triangle, for
i = 1, . . . , s, v2r+1+i is a pendant vertex attached to v1, for i = 1, 2, . . . , t, v2r+s+2i and v2r+s+2i+1
are, respectively, the vertices of degree 2 and 1 of a pending path of length 2.
First, suppose that 3 − 5/2n < q2  3, then G has at least one triangle and r  1. If r, s and t are
not null, we can easily find 2r + s + 2t − 4 eigenvectors of Q .
The eigenvalue 1 hasmultiplicity at least r+ s−1. The corresponding eigenvectors are the r+ s−1
vectors x ∈ Rn such that:
(i) x2r+2 = 1,
(ii) x2r+1+s0 = −1
(iii) xi = 0 otherwise,
where s0 ∈ {2, 3, . . . , s}, or
(i) x2r0 = 1,
(ii) x2r0+1 = −1
(iii) xi = 0 otherwise,
where r0 ∈ {1, 2, . . . , r}.
The eigenvalue
3−√5
2
has multiplicity at least t − 1. The corresponding eigenvectors are the t − 1
vectors x ∈ Rn such that
(i) x2r+s+2 = 1−
√
5
1
and x2r+s+3 = 1,
(ii) x2r+s+2t0 = − 1−
√
5
1
and x2r+s+2t0+1 = −1
(iii) xi = 0 otherwise,
where t0 ∈ {2, 3, . . . , t}.
The eigenvalue
3+√5
2
has multiplicity at least t − 1. The corresponding eigenvectors are the t − 1
vectors x ∈ Rn such that
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(i) x2r+s+2 = 1+
√
5
1
and x2r+s+3 = 1,
(ii) x2r+s+2t0 = − 1+
√
5
1
and x2r+s+2t0+1 = −1
(iii) xi = 0 otherwise,
where t0 ∈ {2, 3, . . . , t}.
The eigenvalue 3 has multiplicity at least r − 1 . The corresponding eigenvectors are the r − 1
vectors x ∈ Rn such that:
(i) x2 = 1 and x3 = 1,
(ii) x2r0 = −1 and x2r0+1 = −1
(iii) xi = 0 otherwise,
where r0 ∈ {2, 3, . . . , r}.
To find the five remaining eigenvalues, we will use the divisor of the line graph of G.
The divisor of L(Fr,s,t) is
0 2 0 0 0
1 2r − 1 s t 0
0 2r s − 1 t 0
0 2r s t − 1 1
0 0 0 1 0
.
Its characteristic polynomial is
PL(Fr,s,t)(λ) = −λ5 + λ4(2r + s + t − 3) + 2λ3(2r + s + t) − λ2(2s + t − 5)
−λ(2r + 3s + 2t − 1) + 2(s − 1).
Evaluating PL(Fr,s,t) at −1, −1−
√
5
2
,
−1+√5
2
and 1, shows that these value are not roots of PL(Fr,s,t).
Hence, if G = Fr,s,t , with r = 0, s = 0 and t = 0, its spectrum is 1(s+r−1), 3−
√
5
2
(t−1)
,
3+√5
2
(t−1)
,
3(r−1) and five other eigenvalues.
We can apply this method to compute the spectrum of G = Fr,s,t for the other values of r, s and t.
If r = 0, s = 0 and t = 0, the spectrum of Q(Fr,s,0) is 1(s+r−1), 3(r−1) and three other eigenvalues
different from
3−√5
2
and
3+√5
2
.
If r = 0, s = 0 and t = 0, the spectrum of Q(Fr,0,t) is 1(r), 3−
√
5
2
(t−1)
,
3+√5
2
(t−1)
, 3(r−1) and four
other eigenvalues.
If r = 0, s = 0 and t = 0, the spectrum of Q(Fr,0,0) is 1(r), 3(r−1) and two other eigenvalues
different from
3−√5
2
and
3+√5
2
.
This shows that, when G is a graph on n  7 vertices, with 3 − 5/2n < q2  3, i.e., G is a firefly
Fr,s,t with r  1, we can find the values of r, s and t by analyzing the spectrum of G. Hence all graphs
on at least seven vertices with 3 − 5/2n < q2  3, are determined by their spectrum.
Now if n  7 and q2  3+
√
5
2
, then G is a stretched star Sd,k . We only have to study the case k  2
as q2 = 1 if and only if k = 0 and 3+
√
5
2
− 1
n
< q2 <
3+√5
2
if and only if k = 1.
If 2  k  d − 2, the spectrum of Sd,k is 0(1), 1(d−k−2), 3−
√
5
2
(k−1)
,
3+√5
2
(k−1)
and three other
eigenvalues.
If k = d−1, the spectrumof Sd,k is 0(1), 3−
√
5
2
(k−1)
,
3+√5
2
(k−1)
and two other eigenvalues different
from 1. So it is possible to determine the value of d and k, from the spectrum of Sd,k . 
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Corollary 2.6. Fireflies are determined by their signless Laplacian spectrum.
Proof. According to the tables of Q-spectra of graphs with up to six vertices [11,8], only two graphs
have q2  3 and are co-spectral. Neither of these graphs is a firefly. For graphs on at least seven
vertices, the result follows from the fact that fireflies satisfy q2  3 and Theorem 2.5. 
Lemma 2.7 [11]. Let G be a graph on n vertices with vertex degrees d1, d2, . . . , dn. Then
min
i∼j (di + dj)  q1  maxi∼j (di + dj),
where (i, j) runs over all pairs of adjacent vertices of G (as indicated by the notation i ∼ j). For a connected
graph G, equality holds in either of these inequalities if and only if G is regular or semi-regular bipartite.
Lemma 2.8 [20,21]. Let G be a graph on n vertices. Then
q1  max(di + mi),
where i runs over the vertices of G, di denotes the degree of the vertex vi and mi = ∑vj∼vi(dj/di) denotes
the average degree of the neighbors of vi.
Theorem 2.9. Let G be a unicyclic connected graph on n  7 vertices with signless Laplacian index q1 and
second largest signless Laplacian eigenvalue q2. Then q1 − q2 is maximal if and only if G is S+n , the graph
obtained form a star by adding an edge.
Proof. From Theorem 5.7 of [12], the unicyclic connected graph forwhich the signless Laplacian index
is maximum is S+n .
As S+n contains the graph Sn as a subgraph, we have q1(S+n ) > n. Moreover from Theorem 2.4,
q2(S
+
n ) < 3. q1(S
+
n ) − q2(S+n ) > n − 3.
As q1(G) < q1(S
+
n ) and q2(G) > 3 > q2(S
+
n ) if G is a unicyclic connected graph and not a firefly,
we restrict ourselves to the study of fireflies.
Let F1,s,t be a firefly on n = s + 2t + 3 vertices. From Lemma 2.7 we know that q1(F1,s,t) 
maxi∼j(di + dj) = s + t + 4 = n − t + 1 and from 2.4, q2(F1,s,t) > 3 − 5/2n. Hence, if t  2 and
n  3, we have q1(F1,s,t) − q2(F1,s,t) < n − t − 2 + 5/2n < n − 3 < q1(S+n ) − q2(S+n ).
Let F1,s,1 be a firefly on n = s + 5 vertices. From Lemma 2.8 we know that q1(F1,s,1)  q1 
max(di + mi) = s + 3 + 6+ss+3 = n − 2 + n+1n−2 = n − 1 + 3n−2 and from 2.4, q2(F1,s,t) > 3 − 5/2n.
Hence, if n  7, we have q1(F1,s,1) − q2(F1,s,t) < n − 4 + 3n−2 + 52n < q1(S+n ) − q2(S+n ).
The result follows. 
Adapting this proof to the case of bicyclic graphs leads to the following theorem.
Theorem 2.10. Let G be a bicyclic connected graph on n  7 vertices with signless Laplacian index q1
and second largest signless Laplacian eigenvalue q2. Then q1 − q2 is maximal if and only if G is the graph
obtained from a star by adding two non-adjacent edges.
3. Graphs maximizing q2
Themaximumvalue of q2 over the set of all graphs is determined byWang et al. in the next theorem.
Theorem 3.1 [24]. Let G be a connected graph of order n. Then q2(G) ≤ n− 2. If the equality holds, then
the complement G of G has at least one bipartite component.
In addition to the upper bound on q2, the above theorem gives a necessary condition on a graph G
for which the bound is reached. The complete characterization of the extremal graphs for the bound
remains an open problem. Such a characterization seems to be difficult, except for the class of bipartite
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graphs where a complete characterization is given below, since there are a large number of graph
families for which the bound is reached. Actually, even if we fix, in addition to the order, some graph
invariant, the bound can be reached. Indeed, if we fix the clique number, the chromatic number or the
independence number, the maximum value q2 = n − 2 can always be reached as it is stated in the
following observations.
Observation 3.2. For any two integers n and ω such that 2 ≤ ω ≤ n, there exists at least one graph
G on n vertices with clique number ω for which q2(G) = n − 2.
For example, one can take G ∼= SKn,n−ω+1, the complete split graph (the complement of the graph
composed of a clique Kn−ω+1 together with ω − 1 isolated vertices).
Observation 3.3. For any two integers n and χ such that 2 ≤ χ ≤ n, there exists at least one graph
G on n vertices with chromatic number χ for which q2(G) = n − 2.
For example, one can take G ∼= SKn,n−χ+1, the complete split graph.
Observation 3.4. For any two integers n and α such that 1 ≤ α ≤ n − 2, there exists at least one
graph G on n vertices with independent number α for which q2(G) = n − 2.
For example, one can take G ∼= SKn,α , the complete split graph.
Since, the complete characterization of the graphswith second largest signless Laplacian eigenvalue
q2 = n − 2 appears to be difficult, it is natural to think of finding or characterizing minimal graphs
with that property. In fact, this problem was posed by Wang et al. [24]. They suggested the study of
that problem after they had proved the following theorem.
Theorem 3.5 [24]. Let G be a graph obtained from Kn by deleting at most n − 2 edges, or obtained from
K2,n−2 by adding some edges. Then q2(G) = n − 2.
In this section,we construct some families ofminimal graphswith second largest signless Laplacian
eigenvalue q2 = n − 2.
First note that for any connected graph G on n vertices with 2 ≤ n ≤ 4 such that G ∼= S4,
q2(G) = n − 2.
In Theorem 3.5, Wang et al. stated that for any super graph G of K2,n−2, q2(G) = n − 2. In fact,
K2,n−2 is a minimal graph for q2 = n − 2, as is next proved.
Theorem 3.6. The complete bipartite graph K2,n−2 with n ≥ 5 is a minimal graph for q2 = n − 2.
Proof. To prove the result, it suffices to prove that n − 2 is not a Q-eigenvalue of K−2,n−2, the graph
obtained from K2,n−2 by the deletion of an edge. It is possible to label the vertices of K−2,n−2 such that
its Q-polynomial can be written as
PQ (t) = det
⎛
⎝
⎡
⎣M NT
N R
⎤
⎦
⎞
⎠
whereM is the (n− 3)× (n− 3) diagonal matrix diag(t − 2, t − 2, . . . , t − 2), R and N are the 3× 3
and 3 × (n − 3) matrices defined by
R =
⎡
⎢⎢⎢⎢⎢⎣
t − (n − 3) 0 0
0 t − (n − 2) −1
0 −1 t − 1
⎤
⎥⎥⎥⎥⎥⎦ and N =
⎡
⎢⎢⎢⎢⎢⎣
−1 −1 · · · −1
−1 −1 · · · −1
0 0 · · · 0
⎤
⎥⎥⎥⎥⎥⎦ ,
and NT is the transpose of N.
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Observe that
NM−1NT = 1
t − 2
⎡
⎢⎢⎢⎣
n − 3 n − 3 0
n − 3 n − 3 0
0 0 0
⎤
⎥⎥⎥⎦ .
Using properties of the determinants (see, for example [10, Lemma 2.2])
PQ (t) = det(M) · det(R − NM−1NT )
= (t − 2)(n−3) ·
∣∣∣∣∣∣∣∣∣
t − (n − 3) − n−3
t−2 − n−3t−2 0
− n−3
t−2 t − (n − 2) − n−3t−2 −1
0 −1 t − 1
∣∣∣∣∣∣∣∣∣
= t(t − 2)(n−4) ·
(
t3 − 2(n − 1)t2 + (n + 1)(n − 2)t − n(n − 3)
)
.
Now, we have
PQ (n − 2) = (n − 2)(n − 4)(n−4) ·
(
(n − 2)3 − 2(n − 1)(n − 2)2
+ (n + 1)(n − 2)2 − n(n − 3)
)
= −(n − 2)(n − 4)(n−3).
Thus, PQ (n − 2) = 0 for all n ≥ 5. 
The following corollary is a characterizationof thebipartite graphs thatmaximize the second largest
Q-eigenvalue.
Corollary 3.7. If G is a connected bipartite then q2(G) = n − 2 if and only if G ∼= Kn−2,2 or G is the
path P4.
Proof. Let G be a connected bipartite graph. If G ∼= P4, we are done. Thus assume that G ∼= P4.
If G is the star Sn, then q2(G) = 1.
If G is a subgraph of Kn−2,2, by Theorem 3.6, q2(G)  n− 2 with equality if and only if G ∼= Kn−2,2.
If G is not a subgraph of Kn−2,2 and not the star Sn, there exists an integer k with 3 ≤ k ≤ n/2 and
such that G is a subgraph of Kn−k,k . Thus q2(G) ≤ q2(Kn−k,k) = n − k < n − 2. 
Das [17] proved the following theorem.
Theorem 3.8 [17]. Let G be a connected graph on n ≥ 2 vertices with minimum degree δ and second
largest Q-eigenvalue q2. Then
q2 − δ ≤ n − 3
with equality if and only if G is the kite KIn,n−1.
There was a mistake in the characterization of the extremal graphs of the above theorem. Within
the proof, Das [17] stated "…we have q2(G) = n − 2 > n − 3 = q2(Kn−1) …we conclude that G is a
super graph of Kn−1." This is not true in general. Indeed, for n = 4, the path P4 satisfies q2 = n − 2 >
n − 3 = q2(K3), while P4 is not a super graph of K3. Moreover, P4 is an extremal graph for the bound
in Theorem 3.8 and P4 ∼= KI4,3. In fact, the theorem remains true for n ≥ 5. For the case 2 ≤ n ≤ 4,
q2 − δ = n − 3 for all graphs with δ = 1, except for the star S4. When n ≥ 5, the result is proved in
the next theorem, which is the characterization of the extremal graphs corresponding to the bound of
Theorem 3.8. In addition, these extremal graphs are also minimal graphs for q2 = n − 2.
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Theorem 3.9. Let G be a connected graph on n ≥ 2 vertices with minimum degree δ and second largest
Q-eigenvalue q2. If δ = 1 and q2 = n − 2, then G is the path P4, or G is the kite KIn,n−1.
Proof. If 2 ≤ n ≤ 3, the only graphs with minimum degree δ = 1 are K2 ∼= KI2,1 and P3 ∼= KI3,2, for
which the bound is reached.
If n = 4, there are exactly three graphs with δ = 1. They are the star S4, the path P4 and the kite
KI4,3. For these graphs, we have q2(P4) = q2(KI4,3) = 2 and q2(S4) = 1.
If n ≥ 5, any graph G on n vertices with δ = 1 which is not KIn,n−1 is a subgraph of H, the graph
obtained from KIn,n−1 by deleting an edge incident to the pending edge, or of H′, the graph obtained
from KIn,n−1 by deleting an edge not incident to the pending edge. Thus to be done, and in view of the
interlacing theorem, it suffices to prove that q2(H) < n − 2 and q2(H′) < n − 2.
It is possible to label the vertices of H such that its Q-polynomial can be written as
PQH (t) = det
⎛
⎜⎝
⎡
⎢⎣M N
T
N R
⎤
⎥⎦
⎞
⎟⎠ ,
whereM is the (n− 3) × (n− 3)matrix of which all diagonal entries are equal to t − (n− 2) and all
non-diagonal entries are equal to −1, R and N are 3 × 3 and 3 × (n − 3) matrices defined by
R =
⎡
⎢⎢⎢⎢⎢⎣
t − (n − 3) 0 0
0 t − (n − 2) −1
0 −1 t − 1
⎤
⎥⎥⎥⎥⎥⎦ and N =
⎡
⎢⎢⎢⎢⎣
−1 −1 · · · −1
−1 −1 · · · −1
0 0 · · · 0
⎤
⎥⎥⎥⎥⎦ ,
and NT is the transpose of N. Note that det(M) = PQKn−3 (t − 2) = (t − 2n + 6) · (t − n + 3)(n−4),
where PQKn−3 (t) denotes the Q-characteristic polynomial of Kn−3. The inverse of M is M
−1 = 1
a
M′,
where a = (t − (n − 3)) · (t − 2(n − 3)) and M′ is the (n − 3) × (n − 3) matrix whose diagonal
entries are all equal to (t + 1 − 2(n − 3)), and all the non-diagonal entries are equal to 1. Thus, we
have
R − NM−1NT =
⎡
⎢⎢⎢⎢⎢⎣
t − (n − 3) 0 0
0 t − (n − 2) −1
0 −1 t − 1
⎤
⎥⎥⎥⎥⎥⎦−
n − 3
t − 2(n − 3)
⎡
⎢⎢⎢⎢⎢⎣
1 1 0
1 1 0
0 0 0
⎤
⎥⎥⎥⎥⎥⎦ .
Therefore, we have
PQH (t) = det(M) · det(R − NM−1NT )
= (t − n + 3)(n−4) ·
(
t4 − (4n − 11)t3 + (5n2 − 28n + 38)t2
−(2n − 1)(n − 3)(n − 4)t + (n − 3)(2n2 − 16n + 31)
)
.
Now, evaluating PQH (t) for t = n − 2, we have
PQH (n − 2) = 3n2 − 21n + 37 > 0
for all n. Thus if G is a subgraph of H, then q2(G) < n − 2.
M. Aouchiche et al. / Linear Algebra and its Applications 435 (2011) 2591–2606 2603
Consider now the graph H′. It is possible to label the vertices of H′ such that its Q-polynomial can
be written as
PQH′ (t) = det
⎛
⎝
⎡
⎣M NT
N R
⎤
⎦
⎞
⎠
whereM is the (n− 4) × (n− 4)matrix of which all diagonal entries are equal to t − (n− 2) and all
non-diagonal entries are equal to −1, R and N are 4 × 4 and 4 × (n − 4) matrices defined by
R =
⎡
⎢⎢⎢⎢⎢⎢⎣
t − (n − 3) 0 −1 0
0 t − (n − 3) −1 0
−1 −1 t − (n − 1) −1
0 0 −1 t − 1
⎤
⎥⎥⎥⎥⎥⎥⎦
and N =
⎡
⎢⎢⎢⎢⎢⎢⎣
−1 −1 · · · −1
−1 −1 · · · −1
−1 −1 · · · −1
0 0 · · · 0
⎤
⎥⎥⎥⎥⎥⎥⎦
,
and NT is the transpose of N. Note that det(M) = PQKn−4 (t − 3) = (t − 2n + 7) · (t − n + 3)(n−5),
where PQKn−4 (t) denotes the Q-characteristic polynomial of Kn−4. The inverse of M is M
−1 = 1
a
M′,
where a = (t − (n− 3)) · (t − 2(n− 3) + 1) andM′ is the (n− 3) × (n− 3)matrix whose diagonal
entries are all equal to (t − 2(n − 4)), and all the non-diagonal entries are equal to 1. Thus, we have
R − NM−1NT =
⎡
⎢⎢⎢⎢⎢⎢⎣
t − (n − 3) 0 −1 0
0 t − (n − 3) −1 0
−1 −1 t − (n − 1) −1
0 0 −1 t − 1
⎤
⎥⎥⎥⎥⎥⎥⎦
− n − 4
t − 2n + 7
⎡
⎢⎢⎢⎢⎢⎢⎣
1 1 1 0
1 1 1 0
1 1 1 0
0 0 0 0
⎤
⎥⎥⎥⎥⎥⎥⎦
.
Therefore,
PQ ′H (t) = det(M) · det(R − NM−1NT )
= (t − n + 3)(n−5) ·
(
t5 − (5n − 13)t4 + (9n2 − 47n + 59)t3
−(7n3 − 53n2 + 123n − 79)t2 + (n − 3)(2n3 − 11n2 + 5n + 32)t
−2(n − 4)(n − 3)3
)
.
Now, evaluating PQH (t) for t = n − 2, we have
PQ ′H (n − 2) = −4.
Thus if G is a subgraph of H′, then q2(G) < n − 2.
In conclusion, in all cases q2(G) < n − 2. 
The following lemma, proved by Cvetkovic´ and Simic´ [13], is used in the proof of the next theorem.
Lemma 3.10 [13]. Let G and H be two disjoint graphs. Let u be a vertex of G and v a vertex of H. Denote by
GuvH the graph obtained from G and H by adding the edge uv, G+ v the graph obtained from G by adding
the pending edge uv, and H + u the graph obtained from H by adding the pending edge vu. Then, we have
PQGuvH (t) =
1
t
(
PQG+v(t) · PQH (t) + PQG(t) · PQH+u(t) − (t − 2) · PQG(t) · PQH (t)
)
where PQG(t) denotes the Q-characteristic polynomial of G.
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Proposition 3.11. For an even integer n ≥ 2, let DKn be the graph obtained from two disjoint cliques on
n/2 vertices each by adding an edge between them. Then DKn is aminimal graph, among connected graphs,
for the property q2 = n − 2.
Proof. First, let us prove that q2(DKn) = n − 2. Let e denote the edge connecting the clique of
DKn. It is easy to see that q1(DKn − e) = q2(DKn − e) = n − 2. Using the interlacing theorem,
q1(DKn − e) = n − 2 ≥ q2(DKn) ≥ q2(DKn − e) = n − 2. Thus, we have q2(DKn) = n − 2.
Now, it remains to prove that n−2 is not a signless Laplacian eigenvalue ofDK−n , the graph obtained
from DKn by the deletion of an edge other than e. For n = 2 or n = 4, the result is trivial, so assume
that n ≥ 6. Using the notation of Lemma 3.10 with G is the complete graph Kn
2
and H is the graph K
−
n
2
obtained from Kn
2
by the deletion of an edge, we have GuvH ∼= DK−n , where uv = e. Thus
PQ
DK
−
n
(n − 2) = 1
n − 2
(
PQK n
2
+v(n−2) · PQK−n
2
(n − 2) + PQK n
2
(n − 2)
· PQ
K
−
n
2
+u(n − 2) − (n − 4) · PQK n
2
(n − 2) · PQ
K
−
n
2
(n − 2)
)
.
Since n − 2 is an eigenvalue of Kn
2
but not of Kn
2
+ v or K−n
2
, we have
PQ
DK
−
n
(n − 2) = 1
n − 2
(
PQK n
2
+v(n−2) · PQK−n
2
(n − 2)
)
= 0.
Thus n − 2 is not an eigenvalue of DK−n . 
Observation 3.12. Let a ≥ 2 and b ≥ 2 be integers and n = a + b − 1. Consider the graph Ga,b
of order n obtained from Ka and Kb by the coalescence of two vertices, one from each clique. Then
q2(Ga,b) = n − 2 with multiplicity 1.
Using the same technique as above, one can calculate the Q-characteristic polynomial of Ga,b, and
get
PQGa,b
(t) = (t−a+3)a−2 ·(t−b+3)b−2 ·(t−n+2) ·
(
t2 − (2n − 3)t + 4ab + 8 − 6a − 6b
)
.
It is easy to see that one of the Q-eigenvalues of Ga,b which are solutions of t
2 − (2n − 3)t + 4ab +
8 − 6a − 6b = 0, is greater than n − 3/2, and the other is less than n − 2. Thus, the Q-eigenvalue
q2(Ga,b) = n − 2 is simple.
Theorem 3.13. Let a ≥ 2 and b ≥ 2 be integers and n = a+ b− 1. The graph Ga,b is critical with respect
to q2 = n − 2 if and only if a = b + 1.
Proof. Let G1a,b be the graph obtained from Ga,b by deleting an edge from the clique Ka incident to the
dominating vertex. The Q-characteristic polynomial of G1a,b is
P1(t) = (t − a + 2)(a−3) · (t − b + 2)(b−2) ·
{
t4 + (4a + 3b − 12)t3
+ [(2a2 + 6ab − 25a − 17b + 49) + (3a + 2b − 9)n]t2
− (a − 2)[(2a + 6b − 14)n + 4ab − 11a − 27b + 51]t
+ 2(a − 2)(a + b − 4)(2ab − 3a − 5b + 7)
}
.
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After simplifying with the use of Maple software, we get
P1(n − 2) = (1 − b) · (a − b − 1),
which is zero if and only if a = b + 1, i.e., n − 2 is a Q-eigenvalue of G1 if and only if a = b + 1.
Let G2a,b the graph obtained from Ga,b by deleting an edge from the clique Ka not incident to the
dominating vertex. The Q-characteristic polynomial of G2a,b is
P2(t) = (t − a + 2)(a−4) · (t − b + 2)(b−2) ·
{
t5 − (5a + 3b − 14)t4
+ (9a2 + 2b2 + 14ab − 51a − 33b + 63)t3
− [7a3 + (23b − 66)a2 + (8c2 − 100c + 160)a − (18c2 − 98c + 90)]t2
+ [2a4 + (16b − 35)a3 + (10c2 − 99c + 137)a2
− (40c2 − 170c + 138)a + (36c2 − 56c − 40)]t
− 2(a − 2)[(2b − 3)a3 + (2c2 − 12c + 14)a2
− (7c2 − 12c + 4)a + (4c2 + 16c − 32)]
}
.
We have
P2(n − 2) = P2(a + b − 3) = 2(b − 1)(a−3) · (a − 1)(b−2)
· [(c + 1)a2 − (2c2 + 2c + 4)a + (c3 + 3c2 − 2c + 4)].
The above expression is not zero for all integers a and b such that a, b ≥ 2. Thus n − 2 is not a
Q-eigenvalue of G2a,b.
To conclude, Ga,b is critical for the property q2 = n − 2 except for a = b + 1. 
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